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1. Introduction 



Let p be a fixed prime number. Throughout this paper Zp, Qp, and Cp 
will, respectively, denote the ring of p-adic rational integers, the field of p- 
adic rational numbers, and the completion of algebraic closure of Qp. Let N 



1 



be the set of natural numbers and Z+ = N U {0}. Let Up be the normalized 

exponential valuation of Cp with \p\p — p~''p'^^ = - (see [1-14]). 

When we talk of ^-extension, q is variously considered as an indetermi- 
nate, a complex number g e C, or a p-adic number q e Cp. Throughout this 
paper we assume that g e Cp with |1 — g|p < 1 and we use the notation of 
g-number as 

= (see [1-14]). 

Thus, we note that limq_j.i[a;]g ~ x. 

In [2], Carlitz defined a set of numbers —CkiQ) inductively by 

&=i. h«+i)'-&={J: (1) 

with the usual convention of replacing C,^ by ^k- 

These numbers are g-extension of ordinary Bernoulli numbers Bk. But 
they do not remain finite when q = I. So he modified (1) as follows: 

^o,. = i, g(g^ + 1)' - = { J; 11 (2) 

with the usual convention of replacing 13^ by fSk^q. 

The numbers fS^^g are called the k-th Carlitz g-Bernoulli numbers. 

In [1], Carlitz also considered the extended Carlitz's g-BernouUi numbers 
as follows: 

with the usual convention of replacing (P^)^ by 

Recently, Kim considered g-BernouUi numbers, which are different ex- 
tended Carhtz's g-BernouUi numbers, as follows: for a e N and n e Z+, 

{7^, ifn = l, 
^"J^ (3) 
0, ifn>l, 

with the usual convention of replacing {p^"'^)'' by (see [3]). 
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The numbers (3^^ are called the k-th g-Bernoulli numbers with weight a. 
For fixed o? e Z+ with (p, o?) = 1, we set 



N 



X*^ \J (a + dpZp), 

0<a<dp 
(a,p)=l 

a + dp^'Zp — {xEX\x = a (mod dp^)}, 

where a G Z satisfies the condition < a < dp'^ . 

Let UD(7jp) be the space of uniformly differentiable functions on Zp. For 
/ e UD{Zp), the p-adic integral on Zp is defined by Kim as follows: 

W) = / fi^)df^,i^) = J™^t4p E /(^)^^ P, 4]). (4) 

By (3) and (4), the Witt's formula for the g'-BernouUi numbers with weight 
a is given by 

/ [x]gcdfXq{x) = f3^^, where n e Z+. (5) 
The g- Bernoulli polynomials with weight a are also defined by 

1=0 ^ ^ 



From (4), (5) and (6), we can derive the Witt's formula for /3n"q(x) as 
follows: 

f [x + yTqUii,{y) = where n e Z+. (7) 

For n e Z+ and d e N, the distribution relation for the g-BernouUi 
polynomials with weight a are known that 



Recently, several authors have studied the p-adic g-Euler and BcrnoTilli mea- 
sures on Zp (see[8, 9, 11]). The purpose of this paper is to construct p-adic 
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Q'-Bernoulli distribution with weight a{= p-adic g-BernouUi unbounded mea- 
sure with weight a) on Zp and to study their integral representations. Finally, 
we construct the generalized g-Bernoulli numbers with weight a and investi- 
gate their properties related to ]9-adic g-L-functions. 

2. p-adic g-BernouUi distribution with weight a 

Let X be any compact-open subset of Qp, such as Zp or Z*. A p-adic 
distribution on X is defined to be an additive map from the collection of 
compact open set in X to Qpi 

(n \ n 

U = J]/^(C/fc)(additivity), 
k=i J k=i 

where {?7i, f/2, ■ ■ ■ , f^n} is any collection of disjoint compact opensets in X. 

The set Zp has a topological basis of compact open sets of the form 
a + p^Jjp. 

Consequently, if U is any compact open subset of Zp, it can be written 
as a finite disjoint union of sets 

k 

C/=|J(%+P%), 

where N e Z+ and ai, 02, • • • ,ak with < < — 1 

Indeed, the p-adic ball a^'p^'Lp can be represented as the union of smaller 
balls 

a + p"Zp = y (a + 6p" + p"+'Zp). 
6=0 

Lemma 1. Every map from the collection of compact-open sets in X 
to Qp for which 

p-i 

ii{a + p^Zp) = y (a + 6p^ + dp^+^Zp) 
6=0 

holds whenever a + p^l^p C X, extends to a p-adic distribution on X. 
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Now we define a map //^"j on the balls in Zp as follows: 

/'K(«+p"2p)=^^"/<:i.(^). (9) 

where {a}n is the unique number in the set {0, 1, 2, • • • — 1} such that 
{a}n = a (mod p"). 

If a e {0,1, 2,--- 1}, then 



"° . . .-1 " „ (10) 



Prom (10), we note that /x^ ^ is p-adic distribution on Zp if and only if 

.(a) f^ + ^\ _ M 



Theorem 2. Let a G N and k e Z+. Then we see that /^["g (a + is 
p-adic distribution on Zp if and only if 



We set _ 

(11) 

Prom (9) and (11), we get 

/'S(«+/'%) = ^«"?S"(^)- (12) 
By (8), (12) and Theorem 2, we obtain the following theorem. 
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Theorem 3. Let //[."j be given by 

Then //^"^^ extends to a Q(g) -valued distribution on the compact open sets 
U gX.' 

From (13), we note that 



^d/.g(a;) = jim /^gl^ + ^P^) 



x=0 

hm 



[dp ^ ~(^) 



(14) 



Jvt^'So [dp% ^ V^^P^ 

By (8) and (14), we get 

Jx 

Therefore, we obtain the following theorem. 

Theorem 4. For a e N and A; e Z+, we have 



Let X be Dirichlet character with conductor d E N. Then we define the 
generalized g'-BernouUi numbers attached to x ^ follows: 

Ai,,= I x{x)[xT,.di,,{x) 
Jx 

From (13) and (15), we can derive the following equation. 
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x=0 

X 



lim ^^f^ y x{x)q^W\ . ( 



k d-1 

(a) 



and 



b]. M.- Z.^WXl«J? Pk,,ra [J X[P) Pka,,^- 
For 1) eX*, we have 

I 

Therefore, we obtain the following theorem. 
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Theorem 5. For ^{-^ 1) e X*, we have 



X 



L 



pX \P\q 



Define 



[/Q-llA: 

= - r^^/^l:\/,(/3^). (16) 

By simple calculation, we get 



^(a) _ / N [P]g" o(a) 



and 



f / x(-)<v.(/5-) = T^f x(l//3)^S,v. - X(P//3)^^S 

(18) 



By (16), (17) and (18), we get 
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/ 

J X* 



L 



X L/^ \q JpX 

(a) / sWg^^JCa) it^lg" ^^^^ 



L/3Jg" ^(a) 



,p//3- 



Now we define the operator — x^'^'"''^ on /(g) by 



X'fiq) = x'''^"--'f{q) = ^x(?/)/(g^)- (20) 



Thus, by (20), we get 



[y\q 

= x"^'''"^V(g) = x"V(?)- 

Let us define x^x^ = T^ai.fc.a:? ^ ^2/,A;,a:g xheu we have 

x^x^ = x^'. 

Prom the definition of x^, we can easily derive the following equation. 

(1 - xn (l - -^x^^^ = 1 - ix^//^ - x^ + ix^/'^. 
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Let /(«) = 41,. Then we get 

= " ^|r^''^'''^^S„ - ^XW^II,' (22) 
By (19) and (22), we obtain the following equation: 

£ x(x)d^ilm = (1 - x^) (^1 - ixv/^) 3^5^^, 

where /3{^ 1) e X*. 
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